
""" ------ "" """"" __ "-" "" 

THE EFFECTS OF BODY VORTICES AND THE WING SHOCK- 

EXPANSION FIELD ON THE PITCH-UP 

CHCIRACTERJSTICS OF SUPER- 

SONIC AIRPLANES 

By Jack N. Nielsen 

Ames Aeronautical Laboratory 
Moffett Field, Calif. 

WASHINGTON 
March 24, 1958 



B 
NACA RM A57L23 

SONIC AIRPLANES 

By Jack NTgelSen """""""""""---------------" 

A calculative  technique is presented  for  predicting  the  influence 
of body vortfces aud the wing shock-expansion f i e l d  on the pitch-up 
characterist ics of supersonic  airplanes to supplement calculative methods 
f o r  wing vortices which are w e l l  hm. The method i s  applied t o  the 
prediction of the  pitch-up  characteristics of four  airplanes  with high 
tails, of  which one serves  as a calculative exarnple. It w a s  found tha t  
the pitch-up  characteristics as calculated are in  good qualitative  agree- 
ment with  the  characteristics  as measured i n   t h e  wind tunnel. For the  
f o u r  cases  considered  the wing influenced  pitch-up through e i ther   the  
shock-expansion f i e l d  o r  the wing vortices. Shock-expansion interference 
can be ei ther   s tabi l iz ing o r  destabilizfng depending on the t a i l   pos i t i on  
snd Mach mmiber. O n  the  other hand body-vortex interference and wing- 
vortex  interference  are  destabilizing. For airplanes  with  relatively 
small noses compared to the w i n g ,  the wing vortices dominate the  pi tch-  
up tendency; and f o r  airplanes w i t h .  large noses re la t ive  to the wing, the  
body vortices dominate. A pitch-up  tendency dominated by body vortices 
more readily results i n  actual  pitch-up than one dominated by wing vor- 
tices becawe body vortices  increase in strength quadratically with angle 
of attack, whereas w i n g  vortices  increase  linearly. Areas of research 
t o  improve the accuracy of the  calculative method are outlined. It is 
believed that the  method in i ts  present form is  suff ic ient ly   accurate   to  
establish useful pitch-up boundaries. 

Some supersonic  airplanes  encounter  severe  pitch-up  tendencies, 
par t icular ly  machines with the horizontal  tail relatively high with 



respect  to  the wing chord .plane. It has been hown for  mme t i m e  that 
wing vortices can induce  pitch-up  (refs. !I, 2, and 3 ) .  However, body 
vortices and the wing shock-expansion f i e l d  can also induce such tend- 
encies as discussed in  referencedt. The possibi l i ty  of calculating body- 
vortex  effects  rests on the avai lab i l i ty  of  experimental  data fo r  the 
vortex  strengths and positions (refs. 5s 6, and 7). The c d c h t i o n  of 
wing shock-expansion effects, on the  other hand, i s  a direct  application 
of shock-qansion  theory  (ref.  8 ) .  In reference 4 methods for calcu- 
la t ing  effects  of body-vortex and  shock-expansion fields are presented 
tagether with.calculated.examples t o   i l l u s t r a t e   t he  main qualitative 
effects.  This paper  develops-the  subject of SUperSOniC pitch-up i n  
greater   detai l  than is  possible   in  a general  unclassified paper such as 
reference 4. In p a r t i c u a r ,   t h i s  paper  includes a calculative example, 
and comparisons between calculated  pitch-up  characteristics and the 
characterist ics measured i n  the wind tunnel  for  four  airplanes  over a 
Mach number range of 1.40 t o  2.96. 

SYMBOIS 

radius of cylindrical  portion of  body 

wing chord a t  wing-body juncture 

l i f t  coefficient 

change i n  l i f t  .coefficient du,e t o  addition o f .  t a i l  

m o m e n t  coefficient 

change i n  moment coefficient due t o  addition of  t a i l  

. 

lift-curve  slope  per  radian of t a i l  alone at Mach number, M 
". . " . . .. - " . - 

body diameter - .  . " 

t a i l  interference  factor 

l i f t  

lift of t a i l  alone in shock-expansion f i e l d  of w i n g  

lift developed  by horizontal t a i l  a t  bcdy angle of attack, a 

lift on horizontal ta i l  due t o  body vortices .I 
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tail  length, length from  center  of  moments t o  center of lift 
of horizontal  tail 

reference length 

free-stream Mach number 

Mach nuniber  at  horizontal  tail 

free-stream dynamic pressure 

aynamic pressure a t  horizontal tail 

tail semispan 

reference  area 

tail  area 

polar  coordinates in crossflaw  plane 

Reynolds  number 

free-stream velocity 

tangential  and  radial  components of vortex velocity, 
sketch (a) 

body axes, sketch ( c) 

coordinates of image vortex in first qmdrant, sketch (a) 

coordinates  of external vortex in first  quadrant,  sketch (a) 

coordinates  of  vortex in first quadrant at  separation 

coordinate of center  of  lift of tail 

angle of attack of body, radians or  degrees 

( M2 -1) 'I2 

(Mg-1) =/= 
downwash angle a t  tail  in wing shock-expansion  field 

body-vortex strength,  circulation about vortex 

wing-vortex strength - 
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tai l  incidence 

angle-of-attack  effectiveness of two-dimensional t a i l  o f  
infinitesimal chord i n  shock-expansion f i e ld  

average  value of over t&il plan form 

tail-incidence  effectiveness of  two-dimensional t a i l  of 
infinikesimal chord i n  ehock-expansion f i e ld  

Subscripts 

acting on horizontal tail due t o  body vortices 

bow 

horizontal t a i l  

evaluated a t  - M  

evaluated at I+ 

body-vortex separation  point 

acting on horizontal t a i l   i n  wing shock-expamion f i e ld  with 
no wing- or  body-vortex interference 

dng 

CAUSES OF PITCH-UP 

In their  general  sense "pitch-up" and "pitch-up tendency" involve 
subjective  pilot opinion of  the dyllEbmica1 condition of an  airplane. In 
t h i s  paper, however, t he   t e rm are used i n  more particular senses. By 
pitch-up we  mean a reversal in sign  of % from negative to  posit ive.  
By a pitch-up kendency we mean an increase in the  derivative d a d a  as 
the  angle of attack  increases, and by nose-down tendency w e  m e a n  a 
decrease in  dwda as the angle of attack  increases.  Pitch-up of air- 
planes a t  supersonic speeds can result  frqm a number of  nonlinear effects. 
One effect which has received widespread attention for missiles is the 
interference of the wing vortices on the horizontal t a i l   ( r e f s .  1, 2, 
and 3) .  Such interference is important i n  causing  pitch-up for  configura- 
tions having wings and horizontal tails of nearly  equal span, Airplanes 
usually  possess wings of greater span the the horizontal tail and thereby 
reduce the  possibil i ty of pitch-rp from t h i s  cause. In addition, mounting 

" 

~. 
II - . 
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the   hor izonta l   t a i l  i n  a plane below tha t  of the w i n g  chord further 
reduces the tendency  toward  pitch-up due t o  w i n g  vortices  by  increasing 
the  distance of the t a i l  from the  vortices.  However, f o r  airplanes  with 
high  horizontal  tails, wing vortices c8n cause significant  pitch-up 
tendencies. For airplanes w i t h  high t a i l s  a t  least two other  factors 
can also  be of fmportance i n  longitudinal s t ab i l i t y .   !be   f i r s t  of these 
factors i s  interference between body vortices and the hor izonta l   t a i l   as  
indicated in sketch  (a) for a body-tail conrbination.  For a range of 

Sketch (a) 

angles of  attack, the vortices can pass  close  to  the  horizontal tail. 
In this  position  they can cause large changes in t a l l  normal force i f  
they  are of appreciable strength. The addition of the King can influence 
both  the  positions and strengths of the  vortices at the  t a i l  fo r  a fixed 
angle of attack. The effect  of the  vortices is t o  induce  pitch-up by 
increasing  the  average downwash a t  the h o r i z o n t a l  t a i l .  It w o u l d  be 
expected that such pitch-up,  being a manifestation of viscosity, might 
be  insensit ive t o  Mach number and therefore might occur a t  subsonic as 
w e l l  as  supersonic  speeds. 

The second important factor  i n  the  longi tudinal   s tabi l i ty  of 
high-tail  airplanes i s  the  direct  influence of the KLng shock-expansion 
f i e l d  on the  horizontal t a i l  as indicated  in  sketch (b). The shock- 
expansion f i e l d  is two-dimensional corresponding t o   t h e  w i n g  chord a t  
t he  wing-body juncture and neglecting  three-dimensional  effects of body 
interference. For t h e   t a i l  sham in sketch (b), the t a i l   a c t s  in a high 

/ 
Ezpanslon fan 

Sketch (b) 
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downwash f i e l d  
chord. As the 
moves  downward 

such that the local flow i s  nearly parallel to   the  t a i l  
angle of attack of the  airplane i s  increased,  the tail 
re lat ive  to   the  t ra i l ing-edge shock wave out  of  the shock- 

expansion f i e l d  and in to  a region  of lower downwash. As a consequence, 
the  t a i l  download is decreased, resulting i n  a nose-down tendency. If 
t h e   t a i l  were i n i t i a l l y  above the  expansion fan from the wing leading 
edge, it would move into  the wave system of the  wing with  increasing 
angle of attack and cause a pitch-up  tendency.  Since the  influence of 
the  wing shock-expansion f i e l d  on longi tudinal   s tabi l i ty  depends on the 
location of %he tail  with respect  to  the  f ield,  it i s  sens i t ive   to  
changes i n  Mach nuniber.  The wing shock--ion -field can  cause  both 
pitch-up and nose-down tendencies i n  contrast t o  body vortices which 
cause only pitch-up. 

This paper presents methods for calculating  the  influence of body 
vortices and the w i n g  shock-expansion f i e l d  on pitch-up. Methods fo r  
calculating  the  effect of wing vortices on pitch-up  are  fully  treated 
i n  reference 3. They are, therefore,  not  repeated  here even though wing 
vortices assume importance f o r  some of  the  airplanes  to  be  considered. 
I f   t he  t a i l  is  i n  the wing shock-expansioit f ie ld ,  it cannot  "see" the 
wing t ra i l ing  vort lces .  In th i s  case we use the  calculative method of 
this report for shock--GxparSion interferepce. If, however, the t a i l  is 
behind  the wing shock-expansion f i e l d  and can "see" the wing trailing 
vortices, we use the  calculative method of reference 3 for wing-vortex 
interference . 

THEORY 

In  the  theoretical  sections which follow, w e  a r e  concerned Kith 
calculating  the l i f t  and moment of  the t a i l  due to   t he  body vortices 
and the same quantities for t h e   t a i l  embedded i n  the shock-expansion 
f i e l d  of the wing. The total  contributions of the ta i l  can be  written 

J 

.. 

The section  enti t led "Theory of Body-Vortex Interference"  gives 
expl ic i t  formulas for the  quantities  bearing  the  subscript T(V), and 
the  section entitled "Theory  of  Shock-Expansion Effects"  gives  explicit 
formulas for the  quantities b-earing the  subscript T(SE). 
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Theory of Body-Vortex Interference 

7 

The general method fo r  calculating  the change in  longitudinal 
s t a b i l i t y  due t o   t h e  body vortices i s  br ie f ly   the  following: The body- 
vortex  locations and strengths are obtained from experfmental data cor- 
relations;  the  influence of the wing on their positions and str-hs is  
calculated; and f ina l ly  the tail load I s  estimated. These three  steps 
will now be &Wined in detail. 

1 

Vortex positions and strengths.- There e x i s t  several   sets of data 
on the  vortex  positions and. strengths  for bodies of revolution a t  super- 
sonic spec (refs .  5,  6, and 7). These data were obtained for the  bodies 
of revolution and t e s t  conditions s h m  in  figure l and can be correlated 
x i t h   f a i r  success. A simplified model of  the  vortex  separation i s  shown 
in sketch ( c )  . A t  some distance q behind the  apex of the body a pa i r  

S. s': Vortex raporatlon paints 

t- 

2 Path of 
v o r t u ~  core 

Sketch ( c )  

of vortices  separates f r o m  the body. The pair   increases  in strength as 
it moves dawnstream as a result of s m a l l  vortex  filaments  origina;ting 
on the body -and feedlng  fnto the cores. The &she& l ines  fn the en& 
view  of the  sketch  are the paths of the vortex  cores  as  they  progress 
d a m s  tream 

The paths and vortex strengths of a par t icular  body of revolution 
are dependent on the  angle of attack a and the axial dlstance x 
behind the  vertex of the  body. If a and x c d d  be replaced  by a 
single nondimensional parameter, the  prediction of vortex  strengths and 
paths and the  correlation of data on vortex  strengths and paths would be 
simplified. The analysis of Appendix A based on the mdel of sketch (a) 
has resulted i n  such a parameter. It i s  shown i n  Appendix A t ha t   t he  
vortex  paths  given  by yo/a and zo/a and the nondimensional vortex 
strength ~ J 2 3 1 ~ a z  are functions o n l y  of a(x-%)/a  for  the  vortex 
model considered in the analysis. Here xs i s  the  value of x for 
which the  vortices  separate from the body and is  a function of a. 2he 
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experimental resul ts  of Jorgensen and Per?s.ins, reference 5 ,  fo r  xs are  
shown i n  figure 2. The precise  location pf vortex  separation could  not 

p-r I - Y . 2 -  

r a  
Sketch (d) 

"Y 

be determine& but w a s  found t o   l i e  within a 
band about 5L radius wide. The data for   the  
lateral  and.qeytica1  vortex  positions  %or all 
three  bodies are correlated in figure 3 as a 
f'unction of a(x-%)/a. A curve  has  been 
faired through each se t  of data t o  be used 
for  calculative purposes. A scatter about 
the mean curves  of kO.1 includes most of the 
data  points and represents the approximate 
accuracy  of the wind-tunnel data. These 
accuracies in vortex  position  are  considered 
sat isfactory for qual i ta t ive   s tab i l i ty   ca l -  
culations  since  large changes i n  s t a b i l i t y  
do not  usually  occur for  s m a l l  changes i n  
vor tex positfon. 

The correlation of the nondimensional 
vortex strength r~/2srVaa from the  three 

tests is  given in   f i gu re  4. It is  observea t&t the &&a of Mello anti 
Raney a r e   i n  good accord w i t h  one another  over  the  range common t o  both. 
The data of Jorgensen and Perkins l i e  somewhat higher  than  those of the 
others,  particularly a t  low values  of a!x-xg)/a. This difference ie 
discussed i n  A p p e n d i x  A .  The correlation is  inconclusive  for small values 
of a(x-x~)/a ,   but  f o r  larger  values  the  percentage  differences between 
the  three  sets  of data  are small enough t o  be  ignored for   the purposes of 
this report. For oiir'exmgles  severe p i t a - u p  usually occurs for   l a rge  
values of a(x-%)/a. 

Effect of wing on vortex paths and strengths.- A knowledge of the 
vortex strengths and paths  for a body of  revolution  provides on ly  the  
f i rs t  step i n   t h e  determination of the  vortex  etrengths and positions 
a t   t h e  tai l .  It is necessary to   t ake   in to  account the  influ&ce of the 
wing flow f i e l d  on these  quantities. A calculated vortex path  including 
wing effects i s  shown i n   f i g u r e  5 f o r  zezp w i n g  thickness. I n  front of 
the w i n g ,  body vortices develop as i f  the wings were not  present,  the 
influence of the wing being fe l t  as the  vortices  enter  the expansion fan 
from the  leading edge. It i s  assumed that the body vortices  follow  the 
streamlines  of  the wing shock-expansion f ie ld .  The vortices  are,  there- 
fore,  deflected  into a direction  parallel   to  the  free-stream  direction 
a t  the start of the expansion fan, and then are turned i n  traversin@; the 
fan into a direct ion  paral le l   to   the wing chord. A t  the  trailing-edge 
shock wave the body  vof-tices are  again  deflected  in a direction  parallel  
t o   t h a t  of the  f ree  stream. It i s  d i f f i cu l t  t o  asBess the  accuracy of 
the  assumption for  nonslender wing panels,  For one case a partlal asseBs 
ment has been made. For the  airplane model used in   the  calculat ive exam- 
ple, it was found that the 'path of the body vortex seen i n  side view in  
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a schlieren  picture f o r  a = 16.70 was i n  good accord w i t h  the  calculated 
path. It is not dear that the lateral vortex  posftions were correctly 
predicted, however. 

Although shock-expansion theory was used to compute me   e f f ec t  of 
the wing on the vortex  paths for the  examples of this paper, an a l te rna te  
procedure i s  possible  for  slender configurations. For such configurations, 
calculation of the  vortex paths with the  wing  panels present can be made 
by  using  slender-body theory and proceeding s tep by  step. The pract ical  
calculation of the  paths with any degree  of precision is best  accomplished 
by automatic computing methods. The appearance of vortices separating 
from the  leading edges of the  w3ng panels can fur ther  conrglicate the  
problem. 

The addition of the wlng to the  body causes an a l te ra t ion  fn  the 
strength of the body vort&ceB at the t a i l  as w e l l  as a displacement i n  
their   posit ions.  The.gk%Ss effect  of the w i n g  i s  to prevent  the forms- 
t i on  of feeding  vortex  filaments along the  length of the body correspond- 
ing to the wing-body juncture. It is, therefore, assumed that the  
strengths of the vortices at t he   t a i l   pos i t i on  correspond t o  those of 
the body alone,  foreshortened  by  the chord a t  the  wing-body juncture. 

T a i l  force due to body vortices.-  Several  authors have made estimates 
of  the forces on a t a i l  due t o  vortices (refs. 1, 2, and 3 ) .  We win 
u t i l i z e   t h e  method based on the c h a r t s  of ta i l   in te r fe rence  factor i n  
reference 3. The lift on the hor i zon ta l   t a i l  a d b o d y  section due to a 
symmetrical pair of body vortices depend6 among other things on the  posi- 
t ion  of the pair re la t ive  to the  tail, the vortex  strength,  the tail 
lift-curve  slope, and the  tail-body  configuration. It i s  possible to 
construct a convenient  nondimensional factor to calculate  the l i f t  which 
depends only on the position of the  vortex pair re la t ive  to the ta i l  and 
the  ratio of body radius t o  t a i l  semispan. Such a factor ,   the  qu0tiem.t 
of a lift r a t i o  and a nonaimensional vortex strength, i s  the t a i l   i n t e r -  
ference  factor, i ~ ,  o f  reference 3, defined as follows: 

Here $(,) is t h e   l i f t  on the tail done ,   the  two t a i l  panels joined 
together a t  body angle of a t tack a evaluated at t he   l oca l  dynamic 
pressure and Mach nuiber at the  tail location. We will neglect any 
effect of  body vortices on q or  M a% the tail but will include any 
effect of the shock-expansion f ie ld .  We can put  equation (2) into the 
more convenierit form 
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wherein (dCLT/da )MT i s  based on the tail-alone  area and local t a i l  Mach 
number,  The corresponding moment-coefficient  increment due to   the   ac t ion  
of the  body vortices on t h e   t a i l  i s  

for 
t h i s  

The usefulness of  equation ( 3 )  depends  on the   ava i lab i l i ty  of charts 
IT, the t a i l  interference  factor. The char ts  of reference 3 for 
qusntity  apply to the  present  case of two external vortices symmet- 

r i ca l ly  disposed on each side of the body with midwing panels on each 
side. Similar charts can be constructed  'for one vortex and one panel. 
These charts would be required  for   detedning  forces  on a s ingle   ver t i -  
c a l   t a i l   i n   s i d e s l i p  due t o  body vortices. Reverse-flow theorem6 have 
also been  used to  evaluate i T  (see ref. 3 ) .  One assmption  underlying 
the  application of the method of tail-force  calculation  based on i T  
i s  khat the vortices remain essent ia l ly   p .aral le l   to  the body a x i s  during 
their passage past the tail ;  tha t  is, the  vortex  paths i n  end view can 
be replaced by average  positions. When the vortices  are i n  close prox- 
imi ty   to   the   t a i l   sur face ,   the   l a te ra l  motions of the  vortex i n  the 
crossflow plane can be  large.  Strong  coupling  then  prevails between the 
vortex  paths and the  result ing  tail   force.   Further  theoretical  and 
experimental  study  of this phenomenon i s  desirable. 

Theory of Shock-Expansion Effects 

In cases f o r  w h i c h  the  shock-expansLon effects of the wing on the 
t a i l   a r e  Fmlportant, account can be  taken  of  the changes i n  downwash 
angle, dynamic pressure, and Mach  number at the t a i l  by  direct applica- 
t i on  of shock--ion theory. The horizontal t a i l  i s  usually of lesser  
span than  the wing and l i e s  behind the inboard  sections of the  wing. We, 
therefore, assume that the flow i n  the region of t h e   t a i l  i s  the two- 
dimensional  shock-expansion f ie ld  corresponding to   t he  chord at the wing- 
body juncture. Any effects of wing-body interference o r  wlng section i n  
dis tor t ing the shock-qansion  field  are  neglected. 

The calculation of the  lift of the t a i l  i n  the shock-expansion f i e l d  
can conveniently  be made i n  terms of two .effectiveness  parameters 
and '16 which w i l l  now be  derived.  Consider a horizontal t a i l  i n  the 
shock-expansion f i e l d  of the wing shown s:chematically in sketch  (e). 
The angle of attack of  t h e   t a i l  with..respect  to  the-local flow direction 
is  % - 9 + ET. If and % are  the. dynamic pressure and Mach 
number a t  t he   t a i l ,   t he  t a i l  lift is  

. 
I 

c 
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Sketch (e )  

Let us make the  tail Uft in  the shock-expansion field nondfmensfonal 
by division with  the lift of the t a i l  in the free stream at  an, w h i c h  
can be written as 

Perf'orming 

I 

the division y i e l d s  

Two effectiveness parameters are defined: 

rtg = (F) 



12 -L 

The lift on the t a i l  i n   t h e  shock-expansion 

$(SEI = (k + 

NACA €@i A57L23 

f i e ld  is  now 

We w i l l  not be concerned with t a i l  incidence and will not  construct 
charts  of ‘18. However, a series of charts have be=  prepared f o r  
on the  assumption tha t  the tail l i f t - c u m  slope i s  inversely proportional 
t o  p as for a two-dimensional a i r f o i l .  Under these circumstanceB 

In  the form of equation (11) ,  accounts for   three  effects  of the wing 
shock-expansion f ie ld  on the t a i l .  The first factor  accounts fo r  change 
i n  dynamLc pressure a t  the tail, the second factor  accounts for change in 
t a i l  lift-curve  slope, and the third factor accounts for wing downwash a t  
the tai l .  It i s  clear that f o r  an infinitesimal t a i l ,  q ~ ,  +, and ET 
are uniform  over the tail so  that depends only on pos i t ion   in  the 
shock-expansion f ie ld .  Charts f o r  on this basis can be used f o r  
l a r g e   t a i l s  by a suitable  averaging  technique. A ser ies  of charts of 
% have  been  prepared f o r  angles  of attack of  5O, loo, 150t and 20° and 
Mach nunibers of 2, 3, 4, and 5. The general  features of these  charts 
given in figure 6 a re  of interest .  I n  the upper expansion fan the effec- 
tiveness falls continuously t o  zero as the t a i l  moves downward or  
rearward. In the region of qa; = 0 above the wing the flow is para l le l  
t o  the w i n g .  Behind the  trailing-edge shock wave the  flow i s  again essen- 
t i a l l y  in the  free-stream  direction, and the  value of is high. The 
dashed lines  represent  surfaces of discontinuity  across which tangential 
velocity  differences e x i s t  but  across which the flow direction and s t a t i c  
pressure  are  continuous. For the  higher angles of attack and Mach num- 
bers,  the dashed l ines  can vary a few degrees from the  free-stream 
direction. It i s  noted that the  effectiveness i s  usually greater below 
the dashed Hnes  than above. This i s  not  surprising i n  view of the 
greater shock losses  through the upper trqiling-edge shock than the 
lower  leading-edge shock. 

It might 5e  surmised tha t  a very low tail would have high  effectlve- 
ness, Q-,, f o r  high suzersonic  speeds or hypersonic  sseeds  because of the 
large  increases in density known t o  exist. on the impact side of  the wing. 
Some increase in t a i l  effectiveness  above.un1ty does occur for high  angles 
of attack and large Mach numbers. when the effects of  dynamic pressure, 
Mach number, and dowmmsh are all taken into account, the percentage 
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increase  in  tail effectiveness is  much l e s s  than the  percentage  increase 
i n  density. The effectiveness q~ can, however, be very large a t  high 
a and high M. 

The values  of tai l  effectiveness for the finite t a i l s  of the examples 
to  be  considered were obtained by averaging  the  values from figure 6 Over 
the  horizontal-tail  area. The values of l i f t  and pitching moment contri- 
buted  by  the  horizontal t a i l  in the shock-expansion f i e ld   a r e   t hen  

The shock-expansion interferences on the t a i l  lift and moment  coefficients 
a r e  (1-&) t i m e s  the   t a i l   cont r ibu t ion   for  va = 1. 

APPZICATION OF TBEORY 

The calculative  procedures  described have  been applied t o  the 
prediction of the ta i l  pitching moments of four  airplanes with high tails, 
and the  predicted  pitching moments a re  compared with the experimental 
moments.  The airplanes  are shown in figure 7. For  purposes of  identi- 
fication  these models xill be referred to, respectfvely, as the  arrow- 
wing interceptor,  research model, straight-wing airplane, and the 
swept-wing airplane. The dsta for the  srraw-wing interceptor  are hith- 
er to  unpublished data from the  1- by  3-foot  supersonic wind tunnel. The 
data f o r  the other  airplanes as well as the dimensions w e r e  taken from 
references 9, 10, and U. The arrow--wIng interceptor sewas as a model 
in   the  calculat ive example presented i n  Appendix B. A n  examimtion of  
the  calculated  pitch-up  characteristics f o r  the four airplanes and com- 
parison between calculated and measured characterist ics yields interesting 
resu l t s   for  the effect  of  configuration change on pitch-up. 

Arrow-Wing Interceptor 

L e t  us examine the  calculated  results f o r  the arras-wing  interceptor. 
Specifically, l e t  us consider the net   resul t  of the shock-expansfon and 
body-vortex effects on the  contribution of t he   t a i l   t o   t he   p i t ch ing  moment 
f o r  M = 1.97. The variations with angle of a t tack of the  s ignif icant  
parmeters  influencfng the pitching moment are shown in figure 8, and the  
contributions  to the tai l  pitching mznent a re  shown i n   f i gu re  9. Flrst, 
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with regard t o  shock-ejrpansion effects,   f igure  8(a) shows the tail 
effectiveness qu t o  be zero a t  u = 0' increasing to nearly one a t  
a, = 20°. This trend i s  the  resul t  of the t a i l  being above the wing 
trailing-edge shock wave at u = 0' and beneath it a t  ct = 20°. The 
curve i n  figure g(a) w h i c h  includes  only the shock-expansion losses thus 
starts 0ff.tangen-t t o  the = 0 l ine ,  the horizontal axis, and curves 
downward toward the 7 1 ~ ~  = 1 ne a t  high angles of attack. The shock- 
expansion interference  thus is s tabl l iz ing at the  higher angles of attack 
since it tends t o  decrease at&/&. Now with regard t o  body-vortex 
effects,   f igure 8(b) shows the  ver t ical  ipproach of the body vortices 
toward the  plane of the t a i l  as  the  angle. of attack  increases. As a 
result ,  t he  t a i l  interference  factor s h o ~  in  f igure  8(c)  increases with 
angle of attack also: Figure 8(d) shows that the dependence of  vortex 
strengbh on angle of  at tack is quadratic  since a constant  value of 
rg/2~cV&u indicates  l inear dependence. Sfnce the contribution t o  the 
pitching moment of the body vortices i s  proportional t o  the product of 
the  actual  vortex strength times the t a i l  interference  factor,  the con- 
tribution  increases  very  rapidly w i t h  a as shown i n  figure g(a) .  It 
i s  emphasized that vol.-tex strength and tai l   interference  factor  are  both 
important i n  causing  pitch-up i n  this case, and tha t  in the  pitch-up 
region the shock-expaix3ion interference i s  stabil izing. Some experimental 
points are included in   f i gu re  g (a )  for comparison with the  theory. These 
data, obtained i n  the 1- by 3-foot  supersonic wind tunnel, confY.rm a def- 
i n i t e  pitch-up. The agreement between experiment and t h e o r y  is compatible 
with the approximations of  the theory. 

Yi 

A comparison of the calculated results sham i n  figure 9(b) fo r  
M = 2.96 with those for M = 1.97 reveals signtficant Mach n M e r   e f f e c t s .  
I n  the f i rs t  place the variation with angle of attack shown i n  f i g -  
ure 8(a) reverses as the Mach nmiber  changes from 1.97 t o  2.96. A t  the  
lower Mach number the t a i l  is i n  the shock-expansion f i e l d   i n i t i a l l y  and 
then moves beneath it, while at the high Mach n&er t h e   t a i l  is i n i t i a l l y  
above the   f ie ld  and moves  down into it. For M = 2.96 the curve i n   f i g -  
ure g(b) including shock-expansion losses-starts off  tangent t o   t he  
qa = 1 l ine  and curves up toward the = 0 line. The shock-expansion 
f i e l d  is  thus destabi l iz ing  a t  this  Mach nmiber i n  contrast   to i t s  s tabi-  
lizing  influence a t  the lower Mach number.  However, near a = 1 8 O  the 
t a i l  starts to  emerge from the shock-exp-ion f i e l d  on the lower side, 
and the t a i l  effectiveness starts t o  rise as shown by figure 8(a). The 
dotted  l ines i n  figures 8(a) and g(b) correspond t o  the angle-of-attack 
range fo r  w h i c h  this effect  occur8 . W i t h  regard to   t he   e f f ec t s  of the 
body vortices, figures 8(c)  and 8(d) sho'ksmall effect of Mach number on 
the ta i l   in terference  factor .  The change i n  the contribution of the body 
Vortices with Mach rider is thus dependent primsrily on the change i n  
l if t-curve  slope of the  horizontal t a i l  and i s  destabil izing  at   both Mach 
nunibers. The net result of shock-expansion and body-vortex interferencee 
i s  that both are  destabil izing a t  M = 2.96, leading t o  the probability 
of pitch-up at lower angles of attack than at M = 1.97. 
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Research Wdel 

.. .. 

The variations with angle of a t tack of the significant parameters 
influencing  the  pitching moment  due t o  the ta i l   fo r   the   research  mdel 
are   sham  in   f igure  10, and the  co.ntributions of t h e   t a i l  t o  the  pitching 
moment are  given in figure U. Shock--nsion theory shows that   the  
leading-edge shock wave detaches  near a = loo.. At this  condition  the 
t a i l  is   already  well  out of the shock-expansion field. Thus the   inter-  
ference of the Xing vortices  rather. than the  shock-expansion field is  
important in  the upper angle-of-attack range where pitch-up mi&t occur. 
Accordingly, w e  use  the wing-vortex interference method of reference 3 
in   calculat ing the ef fec t  of the w i n g  an t h e   t a i l .  

In figure l O ( b )  the vortex heights a t  the t a i l  are shown for  the 
w i n g  and body vortices. The body vortices move across  the tail at  about 
lgo  angle of attack. The curve of  t a i l  interference  factor f o r  the body 
vor t i ce s   i r f i gu re   lO(c )  shows a maxhmm near a = lp where it crosses 
t h e   t a i l .  The tail interference  factor is l e s s  f o r  the body vortices 
than  the wing vortices, even though the body vortices  cross  the t a i l  
whereas the  wing vortices do not. The body vortices are usually  located 
inboard  of  the tail t i p  i n  re la t ive   p roxhi ty  t o  the body in  contrast to 
the  w f n g  vortices which are usually  outboard of the tail t i p .  In  the 
inboard  position  the body vort ices   are   c loser   to  their images inside the 
body than  are  the wing vortices t o  t h e i r  images. If the body vortices 
actually c l o s e l y  approach the body, t he i r  images effectively  cancel their 
effect  on t h e   t a i l .  As a result  the  values of + - f o r  body vortices are 
character is t ical ly   less  than those f ~ r  wing vbrtices.  The nondfmensional 
vortex  strength  of the wing vortices  sham in figure lO(d) is more than 
twice  that of the  body vortices. The reason for the  difference is tha t  
the  body section in front of the  wing has small plan-form area in compar- 
ison to the  wing. These facts  explain the larger  influence of the ufng 
vortices  than of the body vortices shown in   f igure  ll. One point  should 
be mentioned i n  connection w i t h  the body vortfces. At a = 1g0 where the 
tail interference  factor peaks in figure  10(c) the body vor t ices   a re   in  
close  proximity t o  the t a i l  - so close that   they come into  contact  with 
the  boudary  layer.  Also there i s  a rap id   l a te ra l  movement of the  vor- 
t i c e s  because of their mirror images. The Fnfluences of t h e   b t e r a l  
motion and of the boundary layer are  neglected  in  calculating  the t a i l  
interference  factor.  Therefore,  the peak in the pitching moment due t o  
a peak in  has been rounded off ,  particularly  since no peak is found 
experimentally. 

In f igure U, data from reference 9 (supplemented by additional 
measurements a t  the  larger  angles of a t tack)  are sham for comparison 
with  the  prediction. The theory indicates a pitch-up at the  high angles 
of attack with a reversal of the  slope of the pitching-moment curve. 
The experiment indicates a pitch-up  tendency uith zero slope a t  a = 20'. 
The calculated  pitch-up curve is dominated by the wing vortices up t o  an 
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a@e of attack. of 20°. Since  neither the tail interference  factor  nor 
the nondimensional vortex strength f o r  "he w i n g  vorbicefl Cha.WFl.nge8  much 
w i t h  a, a strong calculated  pitch-up i s  .not predicted as.. it would be i f  
the body vortices were dominant. 

Straight - W i n g  Alrplane 

The relat ive pro-porbions of the forebody and wing areas  for the 
straight-wing  airplane differ significantly fmm those o f  the  previous 
model. In the present example the plan-form area of the fuselage ahead 
of the wing is  about equal t o  the wing area, whereas in the previous 
example the forebody area was only about one-fifth of the wing area. 
This condition tend6 t o  increase the Importance of body-vortex effects.  
Also, the Mach number fo r  the present example of 2.01 is  larger  than the 
value of 1 .4  fo r  the previous example. As  a result ,  the horizontal t a i l  
of  the  straight-wing  drplane is  i n   t h e  ying shock-expansion f ie ld ,  and 
we must t rea t   the  wing-tail interference3y shock-expansion methods and 
ignore  the wing-vortex interference.  Since  data  are  given in  reference 10 
f o r  the t a i l  contribution  to (& with wing off and wing on, w e  w i l l  
investigate the effect  of  the wing on pitch-up. .I 

The variations with a of the s i e f i c a n t  parameters influencing the 
pitching moment due to   the- ta i l   a re   p resented   in   f igure  12, and the con- . 
tr ibutions of the t a i l  to  the  pitching moment are presented in   f i gu re  13.  
The low values of -k in   f igure   12(a)  show the lmprtance of shock- 
expansion interference. The body-vortex heights at  the tail a re  shown 
fo r  the wing-on  and wing-off conditions i n  figure 12(b). With the w i n g  
on, the vort ices   are   c loser   to  the hor izonta l   t a i l  because  of the  deflec- 
t i on  of the  vortices by the wing t ra i l ing-eQe shock wave. The t a i l  
interference  factors with the wing on and the wing off  are not greatly 
different.  The nondhensional  vortex  strength for the wing-off ca6e is  
greater  than  for the wing-on case  because the wing i ~ b i t s  crossflow 
around the body a t  the  root chord.. 

The calculated  contributions of the t a i l  t o  the pitching moment f o r  
both  conditions are compared i n .   f i g u r e  13. The wing-on ca6e shows a 
stabi l iz ing  effect  of shock-eqmnsion  interference a t  high angles of 
attack. Rowever, the  destabilizing  influence of the body vortices  induces 
a pitch-up at the  higher  angles of attack. The wing-off case exhibite a 
stronger  calculated  pitch-yl! than the  wix-on  case because the  viscous 
crossflow is not  blanketed by the wing. Data from reference 10 are  
included in   f i gu re  13 for comparison with the  theory. Agreement for   the 
body-tail conibinations is somewhat better  than f o r  the wing-body-tail 
c o ~ i n a t i o n .  However, i n  v i e w  of the approximation i n  the  calculative 
method, the  over-all agreement i s  considered  satisfactory. 



B 
NACA RM A57L23 

Swept-Wing Airplane 
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The variations with a of the significent parameters  influencing  the 
pitching moment due t o  the t a i l  f o r  the  present swept-wing airplane are 
presented in   f i gu re  14, and the contributions of t h e   t a i l   t o  the pitching 
moment are  presented in figure 15. Be position of t h e   t a i l  for this model 
is  such that w i n g - t a i l  interference  results from the wing vortices and not 
the shock--ion field.  We, therefore,  consider the conibined influence 
of  body vortices and wlng vortices on the pitching moment. The heights of 
the  vortices at the tail shown Fn figure 14(a show the body vortices 
intersecting the horizontal tail near a = 18 . The tail interference 
factor f o r  the body vortices exhibits the  character is t ic  peaks near this 
angle of attack. The ta i l   in te r fe rence   fac tor  and vortex strength a re  
generally less for   the body vortices  than  the wing vortices. 

2 

The contributions of the t a i l   t o  the pitching moments shown In 
figure 15 consist of a pitching-moment increment due t o  t a i l  incidence, 
one due to wing-tail  interference, and a lesser  one due to body-vortex 
interference. Even though the bady vortices have effects of lesser  mag- 
nitude than the  wing vortices, their influence on pitch-up i s  nevertheless 
greater because of the r a t e  of change of their influence with angle of 
attack. Tbe experimental  points taken from reference 11 and included  in. 
f igure 15 f o r  comparison with theory  include any influence of Jet  flow on 
the  pitching moment during the whd-tunnel  test. The good agreement 
between experiment and t h e o m s  interpreted  to  mean that the interference 
of the  Jet  flow on the high horizontal tail i s  not  large. 

The study of the f o u r  airplanes reveals certain  generaHzations 
concerning the  pitch-up of high-tail   airplanes a t  supersonic  speeds. The 
influence  of the wing i s  manifest either through the shock-expansion 
field or  through wing vortices.  In the former case the influence c m  be 
ei ther   s tabi l iz ing or destabilizing, dependfng on the Mach nuniber, while 
i n   t h e   l a t t e r  case the influence i s  destabilizing. The influence  of the 
body nose is  manifest through body vortices  acting on the  horizontal- ta i l  
plane and is always destabilizing. In contrast   to the wing vortices or 
shock-expansion field which cause moment variations  moderately  nonlinear 
i n  angle of attack,  the body vortices produce sharper  nonlinearity which 
can lead   to  sudden pitch-up. The effect  of the body vortices can be 
diminished (I) by decreasing the length of the fuselage i n  front of the 
wing, (2) by  reducing the radius of the  fuselage, (3) by  positioning the 
t a i l  t o  reduce the t a i l  fnterference  factor, and (4) by changing the tail 
taper   ra t io  to reduce the tail interference  factor  for  vortices w e l l  
inboard of the t a i l  t ips .  How these changes affect  pitch-up can be   e s t i -  
mated by the calculative method i l l u s t r a t ed  herein. Therefore, the 
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- 
calculative method can be used to   es tabl ish approximate pitch-up  boundaries. 
No claim i s  made to   great   quant i ta t ive accuracy for   the  calculat ive method, 
but it i s  believed  that it i s  sufficiently  accurate  for most qualitative 
purposes. Improvement of the accuracy of. the  method hinges on (1) be t t e r  
information for vortex strengths and paths fo r  more body shapes Over wider 
ranges of Reynolds  nunibers and Mach nmfbers, (2) be t t e r  understanding of  
the  influence of t h e  wing on the  vortex  paths, (3)  be t t e r  methoda of 
evaluating  the  influence of vortices on l i f t ing  surfaces ,   par t icular ly  i n  
t h e i r  immediate proximity, and (4) be t t e r  metkods for  evaluating  the 
dawnwash behind wing-body conibiaations a t  high  angles of  at tack, 

Ames Aeronautical  Laboratory 
National Advisory Committee fo r  Aeronautics 

Moffett  Field, Calif., Dec. 23, 1957 



APPENDIX A 

THEORY OF V O m  PA- AND STRFXGW FOR FZOW 

OVER AN INCLINED BODY OF REXOLLITION 

In th i s  appendix the  equations of  vortex  mtion and vortex strength 
are  derived to indicate the basis for correlating the experimental  values 
of the  vortex  positions and strengths. The second  purpose is to discuss 
the  theoretical  solutions and the experimental correlations f o r  the  vor- 
tex  positions and strengths  together  with the prospects for improved 
solutions. The theoretical  treatment i s  based on the crossflow model of 
sketch (a).  It is assumed that the s t e a d y  vortex flow past the body of 
revolution is equivalent t o  the unsteady flow of two external vortices 
with time-dependent strengths in  the  presence of a circular  cylinder i n  
uniform flow. Although there is some indication on the basis of the work 
of Mello (ref. 6), that up t o  30 percent of the total vort ic i ty  can l i e  
in  the  sheets  feeding the vortex  cores, we nevertheless  as~ume that all 
vorticity is concentrated i n  the cores. The refinement possible by con- 
sideration of separate  feeding  sheets  involves mathematical complications 
beyond the scope of this report. 

Since the steady three-dimensional  vortex flow i s  related to an 
unsteady  two-dhensfonal flaw, the  axial  distance x is now related to 
the time directly 

x = vt ., (a) 
The velocity components  vr and ve of the right external  vortex  are due 
t o  potential  crossflow and the  other  three  vortices as follows: 

R a d 5 a l  velocity Tangential velocity 

Potential  crossflm: av sin e ( l  - a2/r2) av cos e ( l  + a2/r2) 

Left external vortex: - ( r / k a e a n  e 
Right image vortex: 

Left image vortex: 

Let us now consider 
equations of vortex 

the nondimensional variables to be used in   the  
motion 



Vortex strength: r/2avU = r" 
Axial distance: a ( x  - %)/a = x 

Radial  distance: r/a = r* 

* 

In terms  of these  parameters,  the  equations of motion become 

- = s i n 0 ( 1 - + ) - - t t a n e +  dx* dr" r* r* r*r*sin 28 (A21 
m-*+2r+%os 2e+1 

If for x* equal t o  zero the init ial  values of rs*, rS*, and eS f o r  
vortex separation  are known, the  vortex  paths can be  obtained by step- 
by-step  integration of equations (A2)  and (A3). However, t o  carry out 
the  integration the dependence of P o n  x* must be known. 

A relationship between F* and x* can be  established i f   t h e  
variation with x* of the  crossflow drag coefficient , CG, i s  known. 
The definit ion of ca, i s  given  by the  following  equation for the  nor- 
mal. force on the body  due t o  viscous  crossflow between positions x and 
ICs- 

N = c&q(2a> (x - %)a2 (A4 1 

A s  defined, cdc is the average  crossflow.drag  coefficient between x and XS. Let u8 now assume that  the  entire  viscous  cross  force normal to the  
body axis is  represented  by  horseshoe  vortices  of which the external vor- 
t i ce s  and the image vortices of sketch (a) are the   t ra i l ing  members. By 
the usual relationship of lifting-line theory the l i f t  of a horseshoe 
vortex is  pvr per unit span so that 

w = 2pvr( r - aZ/r)cos e (A5 1 

From equations (Ah) and (A5) we obtain the desired  relationship 



The vortex Bths can now be obtained by subetituting  equation (A6) 
for I'* into  equations (A2) and (A3) . We then have two simultaneous 
differential   eqmtions  for r* and 8 w h i c h  can be integrated step-by- 
step  to  obtain the path. If the integrat ion  is   s tar ted at the vortex 
separation  point,  the paths win depend on rs , Qs, and CdcJ  so that 
the  solution f o r  the  vortex  paths and strengths has the form 

* 

r* = r*(rs*,es,c+2x*) 

r* = r*(rs*,es ,cQ,x*) 1 
TO correhte  the vortex  positions and strengths w e  might p l o t  F, r*J 
and 0 against x*. For small values of x* it would be expected that 
the  gaths and strengths would  depend significantly on the   in i t ia l  value 
of the vortex separation  position, rg* and €le. However, fo r  larger val- 
ues of x* it might be anticipated that the paths and strengths would 
no longer be sensitive t o  the init ial   conditions.  Instead of determining 
a relationship between I?* and x* by specifying  the  variation of c& 
with a, we could have tried the alternate scheme of specFfying the  varia- 
t ion of the stagnation point 8, with x*. This alternate scheme  would 
not change the form of the correlation. 

The correlation of the  vortex  positions sham in figure 3 is only  
slightly less accurate than the measurements of vortex  position could be 
repeated. The correlation of the nondimensional vortex  strengths shown 
in  f igure 4 is not  accurate a t  low values of a(x-xs) /a. It i s  desirable 
t o  know how the  correlation was obtained to   interpret  this discregency. 
The values of xs in the parameter a(x-xs)/a i n  a31 three cases were 
taken from figure 2 which represents results of reference 5.  The values 
of xs measured in reference 6 are i n  good accord with those of refer- 
ence 5 J  but no values of xs are given in  reference 7. In  each investi- 
gation a different method was used t o  obtain the to t a l  vortex strength. 
Mello  measured the  individual  strengths of both the  feeding  sheet and the 
concentrated  core by measuring velocit ies  tangential   to a contour enclos- 
ing  the  vorticity and then  caLoulating the  circulation of the contour. 
RElney determined his vortex  strengths by computing the  theoretical flow 
velocities on the basis of the vortex model of sketch (a) and adjusting 
the  vortex  strengths so that the calculated velocities agree with the 
measured  ones. Jorgensen md Perkins  obtained the vortex strength by 
three methods. The one used in the present  correlation is  that calculated 
from equation (A5) using measured vortex positions and body normal-force 
distributions. The Mft  associated w i t h  the vortex is Men a5 the nor- 
mal force as measured minus the "potentid lift" calculated by the  theory 
of Tsien, reference 12. An examinatton of the data of Jorgensen and 
Perkins shms that l i f t  associated  with the vortex ex is t s  in   f ron t  of the 
vortex  separation  point. Such a fact  must mean that  the  vortex  strength 
is greater than zero before separstfon and must thereby account fo r  the 
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f ini te   values  of  vortex strength when a(x-%)/a is  zem. Measurements 
i n  the neighborhood of vortex  separation that vlll resolve this question 
have not  yet  been made. 

In  accordance with the second purpose of this appendix, solutions 
of equations (A2)  and (A3) f o r  the path were obtained by numerical inte- 
gration on a computing  machine for  various  values of  cdc, rs*, and e,. 
It was immediately apparent that   the  path i s  extremely sensi t ive  to  the 
assumed vortex  separation  position. The study  resolved itself in to  find- 
ing a vortex  separatiop  point and crossflaw drag coefficient which would 
give  vortex paths i n  the crossflow  plane i n  approximate agreement with 
the mean path from the correlation. Such a path based on c& = 1.2, 
rs* = 1.062, and Os = Po is sham in figure 16 and compared with the 
mean experimental path. The agreement i s - o n l y  fair. The initial fluc- 
tuation  in  the  calculated path is  not  significant,  but the reversal of 
the  vortex  path from upward t o  downward is of interest .  The reversal 
point i s  reached when the external  vortices become so strong that the i r  
mutual downward-induced velocit ies approximately  equal the  free-stream 
velocity. The looping of the  vortex  path.after  reversal  may not  be phys- 
ically  significant  since  the main core may break away from the  feeding 
sheet, which then starts a new core. 

It i s  apparent that the present  theory is  inadequate for  replacing 
the  experimental  correlations of the vortex  positions and strength.  In 
view of the desirabi l i ty  of putting  the  x?rtex  theory on  a Bound theo- 
r e t i ca l  basis, several  suggestions  for improving the  theory  are advanced. 
The theoretical  model i n  the first place is incorrect   in  i ts  neglect of 
the  vortex  feeding  sheet. Some account  of the  feeding  sheet on the path 
of t he  vortex  core can be  taken  by  including, i n   t h e  equations of motion, 
the Edwards' tern (refs. 13 and 1 4 )  designed t o  keep the  net  forces on 
the cornhination of the feeding sheet and core  zero. 

Another weakness of the  present  solution i s  tha t  it does not take 
into account the variation of the crossflow  drag  coefficient with x* 
known experimentally t o  exist. If the alternate boundary condition of 
specifying the leeward stagnation  point had been.used,  the-variation of 
the stagnation  point with x* shown by the data of Jorgensen and Perkina 
would d s o  have t o  be taken  into  account,  particularly  near  vortex sepa- 
ration. However, it i s  f e l t  tha t  either of these two al ternate  boundary 
conditions is  capable of improvement. The feeding sheets are  streamlines 
of the crossflow  originating  behind the  separation  points on the sides of 
the body. The effect  of the  feeding  sheets i s  to  streamline the body and 
reduce the   ve loc i t ies   a t   the  side edges of the body. The longer  the  vor- 
tex sheet, the lower the velocit ies at the side edges. A relationehip 
between the vortex  position and strength can thus be obtained by consld- 
ering the change i n  side-edge  velocity due t o  the streamlining  effect of 
the vortex  sheet. It is  felt  that a boundary condition  of this t n e ,  
based OR a streamline model, i s  closer   to  the physical features of the 
real flow than a specification of the croesflow drag  coefficient  or the 



leeward stagnation pint based on the present model. It should, therefore, 
lead to greater  accuacy than the present  solution. Whether such 811 
improvement coupled w i t h  the use of the Edwards' term w i l l  give  adequate 
solutions f o r  small x* fs questionable.  Accurate  solutions  for small 
values of x* almost cer tainly w i l l  be dependent on the Reynolds rider 
since  the  positions of vortex separation w h i c h  strongly influence such 
solutions  are  controlled  by the boundary layer. 
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APPENDIX B 

AB a calculative example consider  the  airplane with a high t a i l  
shown in figure 7(a). We w i l l  calculate the effect  of the body vortices 
and the  shock-expansion f i e l d  on the  pitching moment due t o  the tail .  

If the  influence of  the body vortices is considered, the first 
quantity  in  equation ( 3 ) ,  iT ,  depends on the vortex  locations  at  the 
longitudinal  position of the centroid of the horizontal ta i l .  The calcu- 
la ted  paths are shown i n   s i d e  v iew fo r  a'= 20°, M = 1.97, in   f igure  5. 
The i n i t i a l  value of ~t; at the separation point, of the body vortices 
obtained from ffgwe 2 for  q = 20° is 

The values of yS/a and -/a are obtained from figures 3 ( a )  and 3(b)   for  
zero  values  of a( x-)cs)/a. 

The correlation curves of figure 3 are  used to   obtain  the vortex paths 
up t o  the leading ed&e of the expansion fan. On selected Mach waves i n  
the expansion fan  the local flow directions are indicated, and the body- 
vortex paths are drawn t o  conform with the  streamlines. At the  trailing- 
edge shock the vortices  are assumed to be deflected in the streamwise 
direction. The vertical position of the  vortices a t  the t a i l  is now 

(2)T = 4.35 

The l a t e r a l  vortex position is  assumed t o  be unchanged  from its value 
where it enters the  shock-expansion f ie ld :  

= 0.70 

The value  of i T  taken from reference 3 i s  found t o  be 



.B 

since  the  vortices have the same effect  for t he  same distance above or  
below the  tail. 

The second parameter in equation (3), the nondimensional vortex 
strength, is  obtained from figure 4. For the present model 

The parameter 
wing chord at 

From figure 4 

a(x-% )/a corresponding t o  a body foreshortened by the 
the  juncture i s  

the correspnding vortex strength is 

The remaining 
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The length 2~ is taken as the distance between the center of momente, 
9.24 inches behind the  body vertex, and the 2/3-root-chord position of 
the tail. The contribution of the t a i l  t o  the moment coefficient  because 
of vortices is thus 

- 

= 0.27 

With regard to   the   e f fec ts  of t he  shock-expansion f ie ld,  the t a i l  
effectiveness ‘b, is shown i n  figure 8(a) as obtained from figure 6. 
We have from equations (12) and (13) 
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( g )  + = loo, M =-4.O 
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